The multifractal probability density function analysis (MPDFA) 
Introduction
The theoretical research on fully developed turbulence (we simply call it turbulence in the following unless it is confusing) starts with Kolmogorov's dimensional analysis (K41) [1, 2] based on the energy cascade model proposed by Richardson [3] . After Landau's criticism against K41 and the preliminary research by Heisenberg [4, 5] , the methods dealing with the self-similarity of fluctuating velocity field in the inertial range and the intermittency of turbulence develop, mainly, into two directions. One is the dynamical approach, the other is the ensemble approach (see, for example, [6] and the references therein). Within the dynamical approach one treats the stochastic Navier-Stokes equation, perturbationally, whereas within the ensemble approach one performs statistical mechanical analysis of turbulence under the assumption that eddies make up energy cascade. Among the ensemble approach, the log-normal model [7, 8, 9 ], the β model [10] , the p model [11, 12] and the log-Poisson model [13, 14] are the well-known attempts. It has been, gradually, revealed that, among the ensemble methods, new theoretical framework called multifractal probability density function analysis (MPDFA) and A&A model proposed within the framework [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] can analyze in a high precision the data extracted out from the recent experiments [30, 31, 32, 33] and simulation [34] conducted with high accuracy. It is a challenge, by a new point of view, to a search for the essence of intermittency, i.e., a fundamental process in turbulence, that is the unsolved problem in physics for nearly 500 years since 1513 when the careful observation of turbulence was performed by Leonardo da Vinci in his scientific interest in water, or for more than 120 years since about 1880 when the systematic experiments of turbulence was started by Reynolds.
MPDFA is a unified self-consistent approach for the systems with large deviations, which has been constructed based on the Tsallis-type distribution function [35, 36] that provides an extremum of the extensive Rény entropy [37] or the non-extensive Tsallis entropy [35, 36, 38] under appropriate constraints. 1 It is a statistical mechanical theory of an ensemble, constructed by following the assumption raised by Frisch and Parisi [43] that the singularities due to the scale invariance of the Navier-Stokes equation for high Reynolds number distribute themselves multifractal way in real physical space. MPDFA can be said as a generalization of the log-normal model [7, 8, 9] . It has been shown [19] that MPDFA derives the log-normal model when one starts with the Boltzmann-Gibbs entropy.
After a rather preliminary investigation [15] of the p model [11, 12] , we developed further to derive the analytical expression for the scaling exponents of velocity structure function [16, 17, 18, 19] , and to determine the PDFs of the 1 There are interesting investigations related to Rény and Tsallis entropies [39, 40, 41, 42] .
velocity fluctuations [19, 20, 22] , of the velocity derivatives [23], of the fluid particle accelerations [24, 25] and of the energy dissipation rates [33] . PDFs of velocity fluctuations derived by the present A&A model and by Beck's model [44, 45] is compared to see the difference between them [21] . Note that the latter is not based on the scale invariance of the Navier-Stokes equation nor on the self-similarity of turbulence. The competition among various PDFs derived by three multifractal models of turbulence, i.e., the log-normal model, the p model and A&A model, was performed [27, 28] to see the superiority of A&A model. A unified formulation for various PDFs within MPDFA was started in [26, 27, 28, 29] . Applications of MPDFA to granular flow and to tangle in superfluid He (quantum turbulence) [46] are given, respectively, in [47, 48] and [28] . An introductory review of MPDFA is found in [28] .
In this paper, we derive a unified formula for various probability density functions (PDFs) in fully developed turbulence by means of MPDFA in a selfcontained manner. With the help of derived PDFs, we analyze PDFs of energy transfer rates and of energy dissipation rate observed in two experiments, one is conducted in a wind tunnel [33] and the other in a DNS of the size 4096 3 [49] . The generalized dimension is extracted out from PDFs of energy dissipation rates. It can be a direct proof of the multifractal distribution of singularities in real space.
Energy cascade and Kolmogorov spectrum

Energy cascade
It is believed that the velocity field of fully developed turbulence can be described by the Navier-Stokes (N-S) equation for incompressible fluids given by (1) with and the kinematical viscosity where is the pressure of fluid, and is the viscosity. Since the mass density of the incompressible fluid is constant in time and space, the equation of continuity for mass density reduces to the condition for incompressibility (2) Let us consider the velocity difference (fluctuation) (3) of a component u of the velocity field between two points separated by the distance n , and put the rotation velocity of the biggest eddies to be δu in = u(• + in ) − u(•). The eddies produce smaller eddies one after another. As a result, there forms turbulent state as a mixture of various sizes of eddies from large to small (fully developed turbulence). In order to describe this situation, one assigns (4) for an estimate of the "diameters" (or the sizes) of eddies generated one after another. If we put δ = 2 it may be interpreted that the diameters of eddies being produced one after another become one half at each generation of smaller eddies from a bigger one. Here, n is the number of steps in the cascade producing smaller eddies. The length is the diameter of the largest eddies. We are assuming that energy is put into turbulent system at about this length scale with the energy input rate which is considered to be constant in the following.
There are two characteristic times (relaxation times) for each eddy. One is the time necessary for an eddy to rotate once, i.e., (5) This can be interpreted as the time (life-time) for the eddy with diameter n to pass its kinetic energy to eddies with diameter n+1 . Then, the energy transfer rate δ n from the eddies with diameter n to the eddies with n+1 may be estimated as (6) where we introduced the kinetic energy of eddies with diameters in the range n ∼ n + d n per unit mass by (7) Here, E(k) is called the energy spectrum, and the wave number k is estimated by the inverse of the diameter of eddies, i.e., Note that δ n can have both positive and negative values. The last expression in (6) has the structure of convection term in the equation of motion for E n that can be derived by making use of (1) . Another characteristic time is the time required for energy of an eddy to dissipate into heat, i.e., (8) which is obtained as something having the dimension of time by making use of the fact that the kinematical viscosity ν has the dimension [ν]= L 2 /T. Then, the dissipation rate per unit mass, specific to the eddies with diameter n , is given as
The last expression of (9) has the structure of dissipation term in the equation of motion for E n .
Depending on the relative magnitude between t n and one sees different behavior of eddies. Therefore, it is convenient to introduce the ratio (10) that can be called the nth order Reynolds number associated with the nth eddies. For Re n 1, the dissipative effect to eddies can be neglected, whereas for Re n 1 no eddy can survive as its rotational energy is transferred into heat almost all at once. We see that the energy conservation of stationary turbulent system is given by (11) Here, 〈···〉 indicates to take an appropriate time average, spatial average or ensemble average. Actually, the main issue of the present paper is to search for an appropriate probability density function for the average.
Kolmogorov spectrum
Kolmogorov [1, 2] assumed in his explanation of the universal slope −5/3 observed in the energy spectrum of stationary (forced) turbulence that δ n is constant in time and space in the region where the condition Re n 1 is satisfied and the effect of dissipation is safely neglected, i.e., Then, (11) reduces to δ n = . Substituting this into (6), we have Then, we see that and that the smaller the eddies become, the shorter their life-times become in the delivery of their energy. The lifetime and the diameter η of the eddy satisfying the condition Re n = 1, i.e., are, respectively, estimated as (12) They are called the Kolmogorov time and the Kolmogorov length, respectively. It may be worthwhile to emphasize here that, at The shape of the energy spectrum E(k) of turbulence can be treated by dividing the range of wave number k into three sub-ranges (see Fig. 1 ). The sub-range with the wave numbers of the order of the largest diameter in (the range I in Fig. 1 ) is called the energy input range since it is the region where the energy is fed into turbulent system (with the energy input rate ). The subrange where the diameter of eddies satisfies in n η (the range II in Fig.  1 ) is called the inertial range since the effect of dissipation can be neglected, i.e., in which the energy of eddies are delivered, consecutively, to smaller eddied. In this sub-range, the energy spectrum becomes (13) which has the desired slope, and is called the Kolmogorov spectrum. For the eddies whose diameters are much smaller and are about the order of η, the effect of dissipation grows, i.e. and the energy of turbulent system expels out of the system in the form of heat. The region is called the dissipation range (the range III in Fig. 1 ). The behavior of fluids is characterized by the Reynolds number (14) Fully developed turbulences are the phenomena observed at high Reynolds numbers (Re 1), which tells us that the inertial range is wide ( in η) for the fluids.
Scale invariance and singularities
The N-S equation (1) is invariant under the scale transformation: [50, 43, 12] (15) (16) for an arbitrary real number α, in addition to the Galilei transformation. By the way, in both ordinary and numerical experiments, turbulence is measured in a fluid with a fixed ν. For those eddies within the inertial range satisfying Re n 1, the effect of the dissipation term in the N-S equation is very small compared with the effect of the convection term. Thus, for the situation one can neglect, substantially, the dissipation term we utilize the scale transformation (15) without (16) in order to extract, at the zero-th order approximation, those variables having singular properties that are responsible to the intermittency in turbulence [43, 12] . The dissipation term is interpreted as the term breaking the invariance. The effect of the breaking term on intermittency will be taken into account within the formalism of MPDFA (see section 5 below).
The invariance under the scale transformation (15) provides us with (17) where we introduced the pressure difference
the mass density, between two points separated by the distance n . From (6) and (17), we also have (18) The velocity derivative and the fluid particle acceleration are described, respectively, by (19) Here, we introduced the velocity derivative and acceleration corresponding to the characteristic length n by (20) respectively. 2 We see that the velocity derivative and the fluid particle acceleration have "singularities", respectively, for α < 3 and α < 1.5,
The energy transfer rate also has "singularity" for α < 1, i.e.,
The exponent α plays the role of an index representing the degree of singularities.
Note that the singular behavior of these quantities in the limit n → ∞ should be understood as formal one since its origin is the formal invariance under the scale transformation (15) neglecting the existence of the dissipation term that breaks the invariance. Actually, the limit may bring the quantities into the dissipation range because n < η for large n. A reasonable interpretation of the singular behavior can be the following. The quantities, having the singular behavior in the limit, must have large fluctuations even in the inertial range, which may be the origin of intermittency.
Within the treatment of K41, since δ n is assumed to be constant and independent of n, we see from (18) that K41 is the case corresponding to α = 1. If we look at this way, the arbitrariness of α, appeared in the scale transformation (15) , indicates that δ n can be viewed as a stochastic variable, i.e., one can introduce fluctuations in δ n . The same is true for other quantities having singularities in the limit n → ∞. It means that there is a possibility to give an answer to the criticism against K41 raised by Landau. In other words, the energy transfer rate can take various values even for the eddies with the same diameter. 4 The distribution of the values, i.e., the distribution of α, is 2 The fluid particle acceleration is given by 3 In practice, as the resolutions in experiments or numerical simulations are finite, it may be appropriate to interpret that the term singularity here means to take abnormally large values. Although the energy transfer rate δ n is a convenient quantity for the phenomenological description of turbulence such as the energy cascade model, its definition in terms of the multi-point functions is not clear nor unique. Then, as a substitute for the energy transfer rate, one introduces the formal energy dissipation rate ε n within the inertial range through (23) which takes the values in the range [0, ∞). Here, ν n is the effective dissipation coefficient, associated with the eddies having the diameter n , satisfying (24) hence ε n is related to α by (25) It is divergent in the large n limit and the exponent α − 1 of divergence is the same as (22) for |δ n |. Note that ν n satifies the scale transformation (16) with (15) under which the N-S equation remains unchanged. Since the dissipation rate ν n is the quantity defined in the inertial range, it may be interpreted as the turbulent viscosity [4, 5] whose origin is the nonlinearity of the convection term. Note that it behaves as ν n → 0 for the limit n → ∞ as far as α satisfies α > −3.
The energy dissipation rate ε n within the inertial range is a convenient quantity since it is positive semi-definite, and therefore it allows the introduction of its lognormal distribution [7, 8, 9] . However, the direct observation or the extraction of the scaling property of ε n is not yet possible. The substitution for ε n is usually given by the average of the microscopic dissipation rate per unitmass, whose (origin is the effect of the dissipation term in the N-S equation, over the space in a volume element ∆V n , i.e.,
Here, the volume of the element ∆V n is chosen to be with d being the dimension of real space. One expects that the values for are quite close to the dissipation (rate at about the Kolmogorov scale, and are fluctuating as the same way as the dissipation rate ε n in the inertial range, introduced with the turbulent viscosity, since they are connected through the energy cascade process.
Distribution of singularities
Following the argument given by Meneveau and Sreenivasan [11] , we introduce here the basics of multifractal description of turbulence.
For (25) shows that α and ε n are related with each other by α = [ln(ε n / )/ ln δ n ] + 1. We need boxes (the volume of each box is ) to cover whole the space of the volume in d dimensional space without a vacancy. Let us pay attention to one of these boxes, and assume that the probability to find in the box a non-zero value ε / in the domain n is given by (27) Here, is the probability that the selected box satisfies the condition and is given by the proportion of the number of boxes satisfying in the space with the fractal dimension D 0 to the number of all the boxes, i.e., (28) On the other hand, the eddies specified by α occupy the space with the fractal dimension f d (α). The probability to find α within the domain α ∼ α + dα in the box under consideration is given by the proportion of the number of boxes occupying whole the space with the fractal dimension f d (α) without a vacancy to the number of all the boxes, i.e.,
Substituting (28) and (29) into (27), we, finally, obtain [12] (30)
In the following, we will proceed the investigation assuming that the α dependence of the normalization coefficient c 2 (α) is negligible. Here, let us introduce the mass exponent through the relation [11] (31)
where summation is taken over the number of box elements ∆V n in whole the real space occupied by turbulent fluid (see (26)). The summation with respect to the number of boxes can be translated into the integration with respect to α as
Evaluating the integration in the limit δ n → 0 (n → ∞) with the help of the method of the steepest descent, we obtain the relation 
The th moment of the energy dissipation rate can be expressed by means of the mass exponent as (36) 5 We are neglecting the α dependence of the density ρ(α) introduced in the translation Note that represents the number boxes labeled by the exponents between α and α + dα.
The condition for the normalization of probability, i.e., 〈1〉 = 1, reduces to (37) and the energy conservation law, i.e., 〈 n 〉 = ε, to (38) giving
Note that, generally, τ d (1) = 0 when is finite. The definition of the intermit tency exponent µ, i.e., turns out to be (40) which reduces to (41) where we have used (35) and (39) . Note that (37) and (39) provide us with (42) that is satisfied in general since the number of boxes with the side length n necessary to cover the d dimensional space is given by The scaling exponent ζ m of the mth order velocity structure function (the mth moment of velocity fluctuations) defined through (43) is one of the quantities characterizing turbulence, which is related to the mass exponent as (44) The scaling exponents for K41 are given by ζ m = m/3, hence
In the following, we put d = 1 and introduce the simplified notations f d=1 (α) = f(α) and since we are, mainly, analyzing in this paper the one dimensional time-series data for a component of velocity field.
Formulation of multifractal PDF analysis
MPDFA [19] starts with the assignment of the probability, to find a singularity specified by the strength α within the range α ∼α + dα, in the form (45) Here, f (α) represents an appropriate multifractal spectrum defined in the range α min ≤ α ≤ α max . Note that f (α) does not dependent on n because of the scale invariance. Then, the th moment of the energy dissipation rate (36) reads (46) with (47) where (48) The multifractal spectrum f (α) and the mass exponent are related with each other through the Legendre transformation (33) and (34) . 6 The average 〈⋅⋅⋅〉 is taken with P (n) (α), and Let us now derive expressions of PDFs for various observables. For this purpose, we introduce the fluctuation (49) of a physical quantity related to α by the relation (50) Then, the spatial derivative defined by 6 The definition of given by (48) is (34) for d =1.
(51) diverges when α < 3/φ. The quantity x′ reduces to the velocity derivative and fluid particle acceleration for φ = 1 and φ = 2, respectively, and formally to the energy transfer rate (18) and the energy dissipation rate (25) for φ = 3. Now, we assume that the probability to find the physical quantity x n taking a value in the domain x n ∼ x n + dx n can be, generally, divided into two parts as
Here, the first term describes the contribution from the abnormal part of the physical quantity x n due to the fact that its singularities distribute themselves multifractal way in real space. This is the part given by [19] (53) through the variable translation (50) between |x n | and α. On the other hand, the second term represents the contributions from the dissipation term in the N-S equation and/or from the errors in measurements, etc.. The dissipation term violates the invariance based on the scale transformation, and, therefore, the effect has been neglected in the consideration given in the previous section for the distribution of singularities. The second term is the correction term to the first one in the case of turbulent fluids. The values of |x n | representing the part originated from the singularities are describing the large deviations due to intermittency. The values of |x n | for the part contributing to the correction term is smaller than or the order of its standard deviation. Each term is composed of the product of two PDFs, i.e., 1) the PDF that determines from which the contribution is originated out of the two independent origins, i.e., intermittent or dissipative, and 2) the conditional PDF to find a value x n in the domain x n ∼ x n + dx n for each origin.
For those PDFs with variables whose domain is (−∞, ∞), we symmetrize the PDFs before we start analyses when they are not symmetric, under the assumption that the intermittency manifests itself in the deviations from the mean value of the quantity under consideration. Then, the normalization of PDF is given by 
We assume that, for the large fluctuations satisfying (the tail part of PDF), one can neglect the contribution from the second correction term in (52). In other words, P (n) (α) determines this part through the relation (53) and (61). The solid line in Fig. 2 represents the contribution of for the case of variables whose domain is (−∞, ∞). We see that the contribution from the singularities becomes small, drastically, for |ξ n | ≤ 1 (smaller than the standard deviation of x n ). As there is no theory at present that determines for the domain (central part), we adopted the Tsallis-type PDF with the entropy index q′ as a trial PDFs, i.e., (62) or (63) depending on the domain of variables. The part of the dotted line in Fig. 2 represents this contribution. The part between the dotted line and the solid line for gives the contribution from the correction term in (52). The tail part and the center part of PDFs are connected at under the conditions that they have a common value and a common log-slope there. We chose in order that has the least n dependence for n 1. Then, the value of α * corresponding to is turn out to be given by the smaller solution of (64) We will see that thus determined has characteristics through the analyses of experiments. Remember that from (51) the variable becomes singular for α < 3/φ with φ = 1, 2 or 3. Since α * ∼ 1 for variables in turbulence, we understand the consistency of the theoretical framework MPDFA, i.e., the tail part of PDFs takes care of mainly the singular behavior of variables.
The formulae (61) and (62) or (63) are unified in the sense that it provides the PDFs of velocity fluctuations and of velocity derivatives with φ =1, the PDFs of pressure fluctuations and of fluid particle accelerations with φ =2, and the PDFs of energy transfer rates and of energy dissipation rates with φ =3.
Note also that the energy dissipation rate is a variable taking only positive real values, whereas the others are variables taking both negative and positive real values. The PDFs for the latter variables are given by (61) and (62) with three parameters q, n and q′. On the other hand, the PDF for the former variable is given by (61) and (63) with four parameters q, n, q′ and θ. These parameters are determined by the following procedure by making use of a series of observed PDFs obtained by changing the distances r of two measuring points, i.e., 1) Start with trial values q′ and θ, one extracts a set of better values for µ and n to fit each observed PDFs with the theoretical PDF for the tail part given by the formula (61). Note that the values of parameters α 0 , X and q are determined as functions of µ, self-consistently (see the procedure in section 6.1 below). 2) After getting the parameters µ and n with trial values q′ and θ, one adjust further to get better values for q′ and θ by fitting the center part of the observed PDFs with the theoretical formula (62) or (63). The tail part of PDF is determined mainly by the intermittency exponent µ and the multifractal depth n (or, equivalently, the distance n ), and the central part by the entropy index q′ and θ. 3) Repeating the above processes 1) and 2), one can obtain the best set of parameters µ, n, q′ and θ for each PDF. 4) Check if the set of values n and r for each PDF satisfies (65) where η is the Kolmogolov length. This formula is derived by equating the zooming increment ∆n = n′ − n with the increment r−r′ corresponding to the process how experimentalists extracted the series of PDFs by changing the consecutive distances r = n and r′ = n′ between two observing points, i.e., ∆n = − log δ (r′/r). Note that 0 is a reference length that is not necessarily equal to the integral length in in general [27] . In the following, we will put δ = 2, which causes any loss of generality.
5)
If not, repeating the above process 1) ∼ 4), until the extracted n and r satisfy (65). Then, one has the final best set of parameters µ, n, q′ and θ representing the series of observed PDFs.
Since the scaling exponents is related to the generalized dimension by [12] (66) one can determine the generalized dimension of the system through (55).
A&A model 6.1 Scaling exponents
Within A&A model, a harmonious representation of MPDFA, we adopt the Tsallistype distribution function for the distribution function P The multifractal spectrum f (α) is given by (70) which, then, produces the mass exponent (71) with (72) We have (73) with (74) hence (75) The scaling exponents ζ m for the mth order velocity structure function are given for A&A model by (76) The formula (76) is independent of n, which is a manifestation of the scale invariance.
The dependence of the parameters α 0 , X and q on the intermittency exponent µ is determined, self-consistently, with the help of the three independent equations, i.e., the energy conservation, i.e., τ(1) = 0 given by (38) with (39), the definition of the intermittency exponent µ, i.e., µ = 1 + τ (2) given by (41) , and the scaling relation: (77) with α ± satisfying f (α ± ) = 0 [16] . Within the range 0.13 ≤ µ ≤ 0.40 where most of the experiments are covered, these self-consistent equations are solved, numerically, with respect to µ to give (78) and (79) They are given in Fig. 3 . 
PDF of energy dissipation rate
The PDF
for scaled energy dissipation rates, representing the probability to find the energy dissipation rates in the range ε n /ε ∼ ε n /ε + d(ε n / ), is given the form (81) with the normalization
Here, the scaled energy dissipation rate ε n / whose range is [0, ∞) is related to α by (25) .
Let us write down, explicitly, the PDF, defined by the relation (83) with the energy dissipation rate ϕ n normalized by its deviation, i.e.,
with (85) Note that
The tail part for reads (87) with (88) and (89) Whereas, the center part for reads
The two PDF's, (87) and (90), are connected at which is defined by
with being the smaller solution of (92) It is the point at which has the least n-dependence for large n.
The formula to evaluate reduces to (93) where
with (96)
PDF of energy transferrate
The PDF for the energy transfer rates is analyzed by symmetrizing it with respect to its mean value or its peak position. Then, the PDF (97) for the energy transfer rates, representing the probability to find the scaled energy transfer rates in the range is given in the form (98) with the normalization (99)
Here, the scaled fluctuation δ n / of the energy transfer rate whose range is (−∞, ∞) is related to α by (18) .
Let us write down, explicitly, the PDF, defined by the relation (100) with the fluctuation of energy transfer rate ψ n normalized by its standard deviation, i.e.,
with (102) The tail part for reads (103) with (104) and (105) Whereas, the center part for reads
The two PDF's (103) and (106), are connected at (107) with being the smaller solution of (92). It is the point at which has the least n-dependence for large n.
The formula to evaluate reduces to (108) where is given by increment to be ∆n = −1 in the analyses of PDFs. The dependence of n on r/η for the energy dissipation rates turns out to be the equation (111) For the theoretical curves, the parameters (n, q′, θ) are, from top to bottom, (55) with κ = 1, out of PDFs of energy dissipation rates (φ = 3), we can obtain the generalized dimension through (66). The result is given in Fig. 6 . The solid line represents the generalized dimension derived via observed PDFs of energy dissipation rates with the help of (55) by the new route in which we make up the lack of data for larger x n by the substitution of theoretical PDF, The formula for the generalized dimension given by substituting (76) with µ=0.230 into (66) is shown by dotted line which almost overlaps with solid line. Dashed line is the result obtained by the formula (55) without making up the lack of data for larger x n . Note that, for contribution of the first term in (55) becomes conspicuous, therefore, we should subtract the contributions originated from the term violating the invariance of the scale transformation. 
DNS
The PDFs of energy transfer rates and of energy dissipation rates measured in the DNS on 4096 3 mesh size by Kaneda's group [49] are analyzed, respectively, in Fig. 7 and in Fig. 8 . The Reynolds number for this DNS is Re = 1.281 × 10 5 that is estimated from the microscale Reynolds number Re λ = 1132. The observed PDFs of energy transfer rates are made symmetric by averaging the data on the left and the right hand sides. The measuring distances, r/η, for the PDFs both of transfer rates and of dissipation rates are, from top to bottom, 13.7, 78.1, 449 with the Kolmogorov length η = 5.12 × 10 . We see from these values that the increment of the consecutive PDFs is ∆n = − 2.5. The inertial range is estimated as 62.8 < r/η < 224, and the Taylor micro scale as λ/η = 66.2 [49] . (113) respectively. Note that the value of µ has been extracted by adjusting the zooming increment to be ∆n = −2.5 in the analyses of PDFs following the process 1) ~ 5) given in section 5. For the theoretical curves in Fig.7 , parameters (n, q′) are, from top to bottom, (9.00, 1.75), (6.50, 1.70), (3.80, 1.50), whereas for those in Fig. 8, parameters (n, q′, θ) are, from top to bottom, 
Summary and discussion
The unified formula of PDFs for intermittent systems was given within MPDFA in a self-contained manner. The formula is prepared both for the variables whose domain is (−∞, ∞) and for those [0, ∞). The former variables include the velocity fluctuations, the velocity derivatives, the pressure fluctuations, the fluid particle accelerations and the energy transfer rates, whereas the latter do the energy dissipation rates. The new route was also given how to extract the generalized dimension out of the observed PDFs of energy dissipation rates by making up the lack of data for larger variables with the substitution of theoretical PDF.
With the help of derived PDFs, we analyzed, especially, PDFs of energy transfer rates and of energy dissipation rate observed in two experiments, in order to show how to determine parameters appeared in the formula. As MPDFA is an ensemble theory, it has at least one parameter, i.e., the intermittency exponent µ, which is the similar situation as canonical ensemble theory for thermal equilibrium state that includes at least one parameter, i.e., a temperature. Once a turbulent system is specified, it has a unique value µ independent of, for example, the distance between measuring points. The tail part of PDF is determined mainly by µ, which is a manifestation of the global structure of turbulence representing its intermittent character. Its structure is the outcome of the multifractal distribution of singularities in real space. Other parameters in the formula describe mainly the center part of PDF. The shape of the central part is a reflection of the difference due to the violation of scale invariance. The origin of this difference may be attributed to the results of a dissipative structure in turbulence and/or of errors in measurement, etc.. The difference may provide us with a local structure of flow fields. The word, local structure, here is referring to the wave and oscillation of vortex in turbulence and/or to the interaction between vortices, etc.. These parameters may be dependent on the distance of two measuring points.
By the success of MPDFA, it can be said that one has gotten a clue to search for the fundamental process of intermittency, i.e., the origin of singularities and the reason why the singularities distribute themselves multifractal way, etc., which may provide us with a fruitful insight to produce something for the dynamical approach. We also expect that since MPDFA can reproduce observed PDF with very high accuracy, the analysis of the center part makes it possible to extract the local structure and the local dynamics of the system. Anyway, it is one of the attractive future problems to find out two different dynamics one of which determines the tail part of PDF, and the other of which determines the central part of PDF. When the underlying dynamics of MPDFA is revealed theoretically by starting the consideration with the N-S equation including an energy input term, the mechanism for the appearance of the two distinct contributions to PDF will be revealed.
One of the most important systems appropriate to search for the fundamental process may be the system of vortex tangle (quantum turbulence) [46] which occurs in superfluid 4 He and 3 He, because the vorticity is quantized, and because the mutual friction between the superfluid and normal fluid components (in the sense of the two-fluid model) is negligibly small at very low temperatures. We can imagine at least two cases [26], i.e., 1) If the singularity originates from the core structure of vortex, the multifractality of turbulence in classical fluid can be related to various values of vorticities in the fluid. In this case, the vortex tangle may be uni-fractal, and the appearance of intermittency in quantum turbulence can be different from that in classical turbulence. 2) On the other hand, if the fundamental process of singularity originates from the reconnection of vortices, the multifractal distribution of singularities may be corresponding to the distribution of the reconnection points in real space. In this case, the distribution of singularities in quantum turbulence becomes also multifractal, and the quantum turbulence reveals the same intermittency as the classical turbulence. The multifractality of turbulence in classical fluid is related to the distribution of reconnection points in the fluid. Then, the vortex tangle may be also multifractal, and does exhibit intermittency. A proposal to give an answer to this problem is to study the spatial distribution (the multifractal spectrum) of the magnitudes of velocity and pressure derivatives with the help of a snapshot of DNS for classical turbulence at a certain time. As for quantum turbulence, it is good to study a snapshot at a certain time extracted out from a simulation within the vortex tangle model [51] .
